Abstract. Given a real vector space V equipped with an Euclidean metric, (after rescaling) any p-form φ ∈ V p V * defines a calibration on V . This note identifies an exterior differential system whose integral submanifolds are precisely the critical submanifolds of the calibration. In particular, calibrated submanifolds are necessarily integral submanifolds of the system. The result is extended to calibrations on G-manifolds, G a Lie subgroup of the special orthogonal group.
Introduction
Let V be a real, n-dimensional vector space equipped with a Euclidean metric. Throughout, {e 1 , . . . , e n } ⊂ V will denote a set of orthonormal vectors. Given a nonzero φ ∈ p V * , scale φ so that max {φ(e 1 , . . . , e p )} = 1 . Equivalently, φ has comass 1. Let G(p, V ) = {e 1 ∧ · · · ∧ e p } ⊂ p V denote the unit decomposable (or simple) p-vectors. Notice that G(p, V ) is a double cover over the Grassmannian of p-planes in V . Given ξ = e 1 ∧ · · · ∧ e p ∈ G(p, V ), set φ(ξ) = φ(e 1 , . . . , e p ). The set of φ-planes is G(φ) = {ξ ∈ G(p, V ) : φ(ξ) = ±1} .
When φ(ξ) = 1 we say the corresponding oriented plane is calibrated by φ. It is a principle goal in calibrated geometry to identify G(φ). (See [HL82] for an introduction to calibrated geometry.)
Notice that elements of G(φ) are critical points of φ : G(p, V ) → R. However,it is not the case that every critical point is an element of G(φ). (See §3.4 below.) While the calibrated submanifolds are prized as volume minimizers in their homology classes, the φ-critical submanifolds are also interesting. Unal showed that if the corresponding critical value is a local maximum, then the φ-critical submanifold is minimal [Una06, Th. 2.1.2].
In Theorem 2.3, I identify the critical points C(φ) ⊃ G(φ) as the integral elements of an exterior differential system (EDS). The generators of the system span a linear subspace Γ ⊂ p V * . Since calibrated submanifolds are φ-critical they are necessarily integral submanifolds of the system. In the case that φ is invariant under a Lie subgroup G ⊂ SO(V ), Γ is a Gsubmodule of p V * (Lemma 3.1). These results extend to G-manifolds. Given an n-dimensional G-manifold M , a Ginvariant φ ∈ p V * naturally defines a parallel p-form ϕ on M . (See §4 for a description of this construction.) As a parallel form, ϕ is a priori closed and thus a calibration on M . Similarly, Γ defines a subspace Γ M ⊂ Ω p (M ) of the p-forms on M .
Theorem 1.1. Assume that M is an n-dimensional G-manifold, and ϕ a calibration constructed as indicated above. Let N ⊂ M be a p-dimensional submanifold. Then T x N ∈ C(ϕ) for all x ∈ N if and only if N is an integral manifold of Γ M . In particular, every calibrated submanifold of M is an integral manifold of Γ M .
Theorem 1.1 follows from Theorem 2.3 and Lemma 4.1.
Constant calibrations on V
Regard the Lie group SO(V ) as the set of orthonormal frames of V . Given e = (e 1 , . . . , e n ) ∈ SO(V ), n = dimV , let {ε 1 , . . . , ε n } denote the dual coframe. Then
uniquely determines functions φ i 1 ···ip , skew-symmetric in the indices, on SO(V ). Note that |φ i 1 ···ip | ≤ 1, and ξ = e i 1 ∧ · · · ∧ e ip ∈ G(φ) if and only if equality holds. Also, ξ ∈ C(φ) if and only if dφ
It follows that e i 1 ∧ · · · ∧ e ip ∈ C(φ) if and only if (2.1) The lemma allows us to characterize the critical points ξ ∈ G(p, V ) of φ as the p-planes on which a linear subspace Γ ⊂ p V * vanishes. Forget, for a moment, that θ is a 1-form on SO(V ) and regard it simply as an element of so(V ). Then the left-hand side of (2.1) is simply the action θ.φ of θ on φ. The action yields a map Φ :
From (2.1) we deduce the following.
Theorem 2.3. A p-plane ξ is a critical point of φ if and only if ξ is an integral element of the exterior differential system Γ. In particular, an immersion i :
Remarks. The map Φ is the restriction of the map
Corollary 2.6 of [HL08] is precisely the observation that elements of Γ vanish on G(φ) ⊂ C(φ). Indeed, Theorem 2.3 above follows from Proposition A.4 of that paper. This is seen by observing that if A ∈ so(V ) ⊂ End(V ), then tr ξ A = 0. Then their (A.2) reads λ φ (A)(ξ) = φ(D e A ξ). It now suffices to note that their {λ φ (A) | A ∈ so(V )} is our Γ, and that {D e A ξ | A ∈ so(V )} = T ξ G(p, V ). See §5 for an alternate description of Γ.
Invariant forms
Consider the case that φ is invariant under a Lie subgroup G ⊂ SO(V ). In this case Γ is a G-module. This is seen as follows. Let g denote the Lie algebra of G. As a g-module so(V ) admits a decomposition of the form so(V ) = g ⊕ g ⊥ . The G-invariance of φ implies that g ⊂ so(V ) lies in the kernel of Φ. In particular, Γ = Φ(g ⊥ ). It is straightforward to check that Φ is G-equivariant, and we have the following lemma.
Let's illustrate these ideas with some examples. The calibrations φ and characterizations of G(φ) in §3.1-3.3 were introduced in [HL82] . 1,0,0 = {α.φ | α ∈ V 2 1,0,0 } vanish on ξ; here V 2 1,0,0 = {α ∈ 2 V * | * (α ∧ φ) = 3 α}. As Γ = V 4 1,0,0 , we have C(φ) = G(φ). Remark. Zhou showed that C(φ) = G(φ) for many well known calibrations [Zho05] . As the following example illustrates, this need not be the case.
3.4. Cartan 3-form on g. Let V = g be the Lie algebra of G and consider the adjoint action. Every simple Lie algebra admits an (nonzero) invariant 3-form, the Cartan form φ, defined as follows. Given u, v ∈ g, let [u, v] ∈ g and u, v ∈ R denote the Lie bracket and invariant inner product, respectively. Then φ(u, v, w) = c u, [v, w] , with 1 c the length of a highest root δ. It is immediate from Lemma 2.2 that ξ is a critical point if and only if ξ is a subalgebra of g. Taken with Theorem 2.3 we have Proposition 3.2. A 3-plane ξ is φ-critical if and only if it is a subalgebra of g.
The su(2) ′ s ∈ G(3, g) corresponding to a highest root all lie in the same Ad(G)-orbit and Tasaki [Tas85] showed that this orbit is G(φ). (Thi had observed that the corresponding SU(2) are volume minimizing in their homology class in the case that G = SU(n) [Thi79] .) If the rank of g is greater than 1, then g contains 3-dimensional subalgebras that are not associated to a highest root. Thus G(φ) C(φ).
Remark. The quaternion calibration on H n also satisfies G(φ) C(φ) [Una06] .
Squared spinors. In [DH93] Dadok and Harvey constructed calibrations φ ∈
4p V * on vector spaces of dimension n = 8m by squaring spinors. Let me assume the notation of that paper: in particular, P = S + ⊕ S − is the decomposition of the space of pinors into positive and negative spinors, ε an inner product on P, and Cl(V ) ≃ End R (P) the Clifford algebra of V . Given x, y, z ∈ P, x • y ∈ End R (P) is the linear map z → ε(y, z)x.
Given a unit x ∈ S + , φ = 16 m x • x ∈ End R (S + ) ⊂ End R (P) may be viewed as an element of V * ≃ Cl(V ). Let φ k ∈ k V * be the degree k component of φ. Lemma 3.3. The span of the Ψ j is our Γ φ . In particular, C(φ) = G(φ).
Proof. Continuing to borrow the notation of [DH93] , the proof may be sketched as follows. Complete x = x 0 to an orthogonal basis {x 0 , x 1 , . . . , x N } of S + . Then Ψ j is the degree 4p component of 16 m x j • x 0 ∈ End R (S + ) ⊂ V * . Our Γ is spanned by γ j , the degree 4p component of 16
To see that Γ = span{Ψ 1 , . . . , Ψ N } it suffices to note that
4. Proof of Theorem 1.1 Theorem 1.1 will follow from Theorem 2.3 and Lemma 4.1 below. Let M be an n-dimensional Riemannian manifold, and let π : F → M denote the bundle of orthogonal coframes. Given x ∈ M , the elements of the fibre π −1 (x) are the linear isomorphisms u : T x M → V . Given g ∈ SO(V ), the action g · u = g −1 • u makes F a principle right SO(V )-bundle.
Suppose G ⊂ SO(V ) is a Lie subgroup. If the bundle of orthogonal coframes over F → M admits a sub-bundle P → M with fibre group G, then we say M carries a G-structure. The G-structure is torsion-free if P is preserved under parallel transport by the Levi-Civita connection in F. In this case we say M is a G-manifold.
Assume that M is a G-manifold as defined in §1. Let π * :
. When φ is G-invariant, ϕ descends to a well-defined p-form on M . Since P ⊂ F is preserved under parallel transport, ϕ is parallel and therefore closed. It follows that ϕ is a calibration on M .
Assume that φ ∈ p V * is G invariant. Then, by Lemma 3.1, Γ ⊂ p V * is a G-module. It follows that Γ it defines a linear subspace Γ M of the p-forms on M . (Note that γ ∈ Γ does not induce a well-defined form on M ; it is only the subspace Γ M that is well-defined.) Let I ϕ ⊂ Ω(M ) be the ideal algebraically generated by Γ M (cf. §1).
Lemma 4.1. The ideal I ϕ is closed. That is, dI ϕ ⊂ I ϕ .
Proof. Let ω be the g-valued, torsion-free connection on M . Let {ε 1 , . . . , ε n } be a local Gcoframe. Note that the coefficients ϕ i 1 i 2 ···ip of ϕ with respect to the coframe are constant. The space Γ M is spanned by forms of the form {γ = θ.ϕ | θ ∈ g ⊥ }. In particular, the coefficients of these spanning γ are also constant. Consequently the covariant derivative is ∇γ = ω.γ, and may be viewed as a 1-form taking values in Γ M . Since the exterior derivative dγ is the skew-symmetrization of the covariant derivative ∇γ, it follows that dγ ∈ I ϕ .
A dual description of Γ
We assume the convention
so that φ(e 1 , . . . , e p ) = φ 1···p . Define a V -valued p − 1 form φ ♯ = φ i ⊗ e i by φ i = e i φ.
Lemma 5.1. The form φ ♯ is well-defined.
Proof. It is straightforward to check that φ ♯ is independent of our choice of orthonormal basis {e i } of V .
The coefficient forms φ i of φ ♯ define a map
Identify 2 V ≃ so(V ) as g-modules.
Lemma 5.2. The map Φ * is dual to the map Φ. In particular,
Moreover, (a) the map Φ is well-defined and G-equivariant; (b) a p-plane ξ is a critical point of φ if and only if Φ(ξ) = 0.
Remark. In the case that there is no invariant group action, g ⊥ = 2 V .
Proof. The proof of duality is a straightforward calculation and left to the reader. Items (a) and (b) follow from duality and Theorem 2.3.
We may view Φ * as a 2 V -valued p-form. Define p-forms Φ ij = −Φ ji by Φ = Φ ij e i ∧ e j .
Corollary 5.3. Γ φ = Φ ij .
Proof. This is an immediate consequence of Lemma 5.2.
